In this note we prove the following useful fact that seems to be missing from the literature: the ∞-category of coherent ordinary topoi is equivalent to the ∞-category of coherent 1-localic ∞-topoi. We also collect a number of examples of coherent geometric morphisms between ∞-topoi coming from algebraic geometry.
and these ∞-topoi are coherent in the sense of [SAG, Appendix A]. One naturally expects this geometric morphism to satisfy the same kinds of good finiteness conditions as the morphism of ordinary topoi does, i.e., be coherent in the sense of [SAG, Appendix A]. However, a proof of this fact is not currently in the literature. This claim is not completely obvious either: from the perspective of higher topos theory, the pullback in a coherent geometric morphisms of ordinary topoi is only required to preserve 0-truncated coherent objects, rather than all coherent objects.
In this note we fill this small gap in the literature. We show that the theories of coherent ordinary topoi and coherent geometric morphisms (in the sense of [SGA 4 II , Exposé VI]) and of coherent 1-localic ∞-topoi and coherent geometric morphisms (in the sense of [SAG, Appendix A]) are equivalent (Proposition 2.10). This point is surely known to experts, but does not seem to be explicitly addressed in [SAG, Appendix A] or elsewhere. Our main aim in proving this equivalence is to make the ∞-categorical version of sheaf theory more accessible to (non-derived) algebraic geometers who are interested in applying results from [SAG, Appendix A] to ordinary coherent topoi.
The proof of this equivalence reduces to showing that a coherent geometric morphism of ordinary coherent topoi induces a coherent geometric morphism of corresponding 1-localic ∞-topoi. This follows from the more general fact that a morphism of finitary ∞-sites induces a coherent gometric morphism on corresponding ∞-topoi (Corollary 2.8). In ordinary topos theory this is well-known [SGA 4 II , Exposé VI, Corollaire 3.3], but the ∞-toposic version seems to be missing from the literature.
Our original motivation for proving Proposition 2.10 was the following. In recent work with Barwick and Glasman [2] we proved a basechange theorem for oriented fiber product squares of bounded coherent ∞-topoi [2, Theorem 8.4]. We claimed [2, Corollary 8.6 ] that this implies the basechange theorem for oriented fiber products of coherent topoi of Moerdijk and Vermeulen [12, Theorem 2(i)] (which is the nonabelian refinement of a result of Gabber [6, Exposé XI, Théorème 2.4]). While this is true, our proof implicitly used that a coherent geometric morphism of ordinary topoi induces a coherent geometric morphism on corresponding 1-localic ∞-topoi.
In §1 we review the classification of coherent topoi in terms of pretopoi as well as the classification of bounded coherent ∞-topoi in terms of bounded ∞-pretopoi. This review is aimed at readers familiar with [SGA 4 II , Exposé VI], but not necessarily with pretopoi or coherent ∞-topoi; the familiar reader should skip straight to §2. At the end of §2 we collect a number of examples of coherent geometric morphisms between ∞-topoi coming from algebraic geometry.
-We write Top ∞ ⊂ Cat ∞ for the ∞-category of ∞-topoi and geometric morphisms.
We typically write * ∶ → to denote a geometric morphism from an ∞-topos to an ∞-topos and write * for the left exact left adjoint of * .
-We write Cat for the (2, 1)-category of (ordinary) categories, functors, and natural isomorphisms, which we tacitly regard as an ∞-category (via the Duskin nerve [Ker, Tag 009P]). We write Top ⊂ Cat for the subcategory of topoi and geometric morphisms.
Premilinaries on (higher) coherent topoi & pretopoi
In this section we review classification of coherent topoi in terms of pretopoi, as well as the theory of coherent ∞-topoi and the classification of bounded coherent ∞-topoi in terms of bounded ∞-pretopoi. 1.1 Definition. Let be a topos.
Classification of coherent topoi
(1.1.1) An object ∈ is quasicompact if every covering of has a finite subcovering.
(1.1.2) An object ∈ is quasiseparated if for every pair of morphisms ′ → and ′′ → where ′ and ′′ are quasicompact, the fiber product ′ × ′′ is quasicompact.
(1.1.3) An object ∈ is coherent if is quasicompact and quasiseparated.
We write coh ⊂ for the full subcategory spanned by the coherent objects.
A geometric morphism of topoi * ∶ → is coherent if and only if, for every coherent object ∈ , the object * ( ) ∈ is coherent. We write Top coh for the subcategory of Top whose objects are coherent topoi and whose morphisms are coherent geometric morphisms. 1.3 Example ([11, Corollary C.5.14]). Let be a coherent topos. Then the full subcategory coh ⊂ of coherent objects is an essentially small pretopos. If * ∶ → is a coherent geometric morphism of coherent topoi, then the functor * ∶ coh → coh is a morphism of pretopoi.
Definition
If is the étale topos of a quasicompact quasiseparated scheme , then is coherent and coh is the category of constructible étale sheaves of sets on . → is an effective epimorphism in . The effective epimorphism topology is subcanonical [11, Corollary B.5.6]. 1.6 Remark. The equivalence of Theorem 1.5 is really an equivalence of (2, 2)-categories, but we do not need noninvertible 2-morphisms in this note.
Classification of bounded coherent ∞-topoi
Coherent ∞-topoi admit a classification in terms of a higher-categorical analogue of pretopoi, as long as they can be recovered from the collection of their -topoi of ( − 1)-truncated objects. This subsection is a breif summary of [SAG, § §A.2, A.3, A.6, & A.7].
Notation.
We use here the theory of -topoi for ∈ ▹ ; see [HTT, Chapter 6] . We write Top ⊂ Cat ∞ for the subcategory of -topoi and geometric morphisms.
Example.
Recall that 1-topoi are topoi in the classical sense [HTT, Remark 6.4.1.3].
1.9 Example. Let , ∈ ▹ with ≤ . An -site is a small -category 1 equipped with a Grothendieck topology . Attached to this -site is the -topos Sh ,≤( −1) ( ) of sheaves of ( − 1)-truncated spaces on . We simply write Sh ( ) for the ∞-topos of sheaves of spaces on . Not all ∞-topoi are of the form Sh ( ) for some ∞-site ; however, if ∈ , then every -topos is of the form Sh ,≤( −1) ( ) for some -site ( , ) [HTT, Theorem 6.4.1.5(1)].
Definition ([HTT, §6.4.5])
. For any integer ≥ 0, passage to ( − 1)-truncated objects defines a functor ≤ −1 ∶ Top ∞ → Top . The functor ≤ −1 admits admits a fully faithful right adjoint Top ↪ Top ∞ whose essential image we denote by Top ∞ ⊂ Top ∞ . The ∞-category Top ∞ is the ∞-category of -localic ∞-topoi.
Example.
If is a topos presented as sheaves of sets on a site ( , ), then the 1-localic ∞-topos associated to is the ∞-topos Sh ( ) of sheaves of spaces on ( , ).
1.12.
Let ∈ . The proof of [HTT, Proposition 6.4.5.9] demonstrates that an ∞-topos is -localic if and only if ≃ Sh ( ) for some -site ( , ).
Definition ([SAG, Definition A.7.1.2]
). An ∞-topos is bounded if can be written as the limit of a diagram ∶ → Top ∞ where op is a filtered ∞-category and for each ∈ the ∞-topos is localic for some ∈ .
1.14 Definition ([SAG, Definition A.2.0.12]). Let be an ∞-topos. We say that is 0-coherent or quasicompact if and only if every cover { → 1 } ∈ of the terminal object 1 ∈ admits a finite subcover. Let ≥ 1 be an integer, and define -coherence of ∞-topoi and their objects recursively as follows:
(1.14.1) An object ∈ is -coherent if and only if the ∞-topos ∕ is -coherent.
(1.14.
2) The ∞-topos is locally -coherent if and only if every object ∈ admits a cover { → } ∈ where each is -coherent.
3) The ∞-topos is ( + 1)-coherent if and only if is locally -coherent, and the -coherent objects of are closed under finite products.
An ∞-topos is coherent if and only if is -coherent for every ≥ 0. An object of an ∞-topos is coherent if and only if ∕ is a coherent ∞-topos. Finally, an ∞-topos is locally coherent if and only if every object ∈ admits a cover { → } ∈ where each is coherent.
Definition.
A geometric morphism of ∞-topoi * ∶ → is coherent if and only if, for every coherent object ∈ , the object * ( ) ∈ is coherent. We write Top coh ∞ for the subcategory of Top ∞ whose objects are coherent ∞-topoi and whose morphisms are coherent geometric morphisms.
Write Top bc ∞ ⊂ Top coh ∞ for the full subcategory spanned by those coherent ∞-topoi that are also bounded, that is, the bounded coherent ∞-topoi 1.16 Notation. If is an ∞-topos, then write coh ⊂ for the full subcategory of spanned by the coherent objects and coh <∞ ⊂ for the full subcategory of spanned by the truncated coherent objects.
1.17 Example. The ∞-topos Spc of spaces is coherent. An object ∈ Spc is truncated coherent if and only if is a -finite space, i.e., is truncated, has finitely many connected components, and all of the homotopy groups of are finite. ([SAG, Definition A.3.1.1] ). An ∞-site ( , ) is finitary if and only if admits all fiber products, and, for every object ∈ and every covering sieve ⊂ ∕ , there is a finite subset { } ∈ ⊂ that generates a covering sieve.
Definition
Let ( , ) and ( , ) be finitary ∞-sites. A morphism of ∞-sites * ∶ ( , ) → ( , ) is a morphism of finitary ∞-sites if * is preserves fiber products. If and are ∞-pretopoi, we say that a functor * ∶ → is a morphism of ∞-pretopoi if * preserves finite limits, finite coproducts, and effective epimorphisms. We write preTop ∞ ⊂ Cat ∞ for the subcategory consisting of ∞-pretopoi and morphisms of ∞-pretopoi.
Example ([SAG, Corollary A.6.1.7]).
If is a coherent ∞-topos, then the full subcategory coh ⊂ spanned by the coherent objects is an ∞-pretopos. → is an effective epimorphism in . The effective epimorphism topology is finitary and subcanonical [SAG, Corollary A.6.2.6].
Definition ([SAG, Definition A.7.4.1]). An ∞-pretopos is bounded if and only if
is essentially small and every object of is truncated. We write preTop b ∞ ⊂ preTop ∞ for the full subcategory spanned by the bounded ∞-pretopoi. 
Coherence for 1-localic ∞-topoi
In this section we show that the ∞-category of coherent ordinary topoi is equivalent to the ∞-category of coherent 1-localic ∞-topoi (Proposition 2.10). This follows from the fact that morphisms of finitary ∞-sites induce coherent geometric morphisms (Corollary 2.8). 
Definition. Let ∈
and let be a locally -coherent ∞-topos. A morphism → in is relatively -coherent if for every -coherent object ′ ∈ and every morphism ′ → , the fiber product × ′ is also -coherent. Then * takes -coherent objects of to -coherent objects of .
Example
Proof. Let ∈ be an -coherent object; we show that * ( ) is -coherent. By assumption there exists a cover ∶ ∐ ∈ ↠ where ∈ 0 for each ∈ and is finite (since is, in particular, 0-coherent). For all ∈ the object * ( ) is -coherent by assumption, so since -coherent objects are closed under finite coproducts [SAG, Remark A.2.0.16], the object
Note that
is an effective epimorphism in . If = 0, this proves the claim (Lemma 2.3). If ≥ 1, then Lemma 2.4 shows that it suffices to show that for all , ∈ , the object * ( ) × * ( ) * ( ) ≃ * ( × )
is ( − 1)-coherent. This follows from the fact that × is ( − 1)-coherent (by Lemma 2.4) and the assumption that * sends ( − 1)-coherent objects of to ( − 1)-coherent objects of . Proposition 2.5 shows that coherence of a geometric morphism between locally coherent ∞-topoi (Definition 1.15) is equivalent to the a priori stronger condition that the pullback functor preserve -coherent objects for all ≥ 0: 2 2.6 Corollary. Let * ∶ → be a geometric morphism between locally coherent ∞-topoi. Then * is coherent if and only if * takes -coherent objects of to -coherent objects of for all ≥ 0.
Proposition 2.5 also shows that coherence of a geometric morphism can be checked on a generating set of coherent objects.
Corollary. Let * ∶
→ be a geometric morphism between locally coherent ∞-topoi. Let 0 ⊂ Obj( coh ) be a collection of coherent objects that generates under colimits. If for all ∈ 0 the object * ( ) is coherent, the geometric morphism * ∶ → is coherent. 2.12 Remark. If ≥ 2, there doesn't already exist a notion of 'coherent -topos' (other than saying that the corresponding -localic ∞-topos is coherent). However, if one declares that an -topos is 'coherent' if is ' -coherent and locally -coherent', then Corollary 2.8 allows one to immediately deduce variants of Proposition 2.10 and Corollary 2.11 for coherent -topoi.
The ∞-pretopos associated to an ordinary pretopos
In this subsection we exploit the equivalence of Proposition 2.10 to show how to associate a bounded ∞-pretopos to an essentially small pretopos. Lurie briefly touches upon this point (without details) in [10].
2.13.
If is a bounded coherent ∞-topos, then the associated ordinary topos ≤0 is coherent. Moreover, if * ∶ → is a coherent geometric morphism of bounded coherent ∞-topoi, then the induced geometric morphsim * ∶ ≤0 → ≤0 is a coherent geometric morphism of ordinary topoi. 
Examples from algebraic geometry
We conclude with a few examples from algebraic geometry that Corollary 2.8 puts on the same footing. If ∶ → is a quasicompact continuous map of spectral topological spaces, the inverse image map −1 ∶ Open( ) → Open( ) restricts to a map
Corollary 2.8 shows that the induced geometric morphism * ∶ Sh( ) → Sh( ) is coherent. Since spectral topological spaces are sober, a continuous map ∶ → of spectral topological spaces induces a coherent geometric morphism on the level of ∞-topoi if and only if is quasicompact.
2.18.
If is a coherent ∞-topos, then the underlying topological space of is spectral [7, Chapter II, § §3.3-3.4].
Combining the fact that the Zariski, Nisnevich 4 , étale, and proétale 5 topoi of a scheme all have the same underlying topological space with the fact that if a scheme is quasicompact and quasiseparated, then the topoi of sheaves on in each of these topologies is coherent [ 
